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Micro-T Circuit Model for the Analysis of
Cylindrical Induction Heating Systems
Layth Jameel Buni Qaseer

Abstract—A method is given for obtaining a phase terminal
equivalent circuit, which is useful for the analysis of cylindrical
induction heating systems for electric energy conversion into heat.
The excitation is circumferential and can be realized as either a
three-phase system or a single-phase system. The iterative form of
the solution allows for solid and hollow charges. First, a general
form of the field solution is obtained using transfer matrices. A
variable transformation is then made, which makes it possible to
derive an equivalent circuit for each annular region in the system.
By joining the equivalent circuits in cascade, an equivalent circuit
for the complete system is obtained. The voltages and currents in
the equivalent circuit relate directly to the field quantities within
the actual system.
Index Terms—Eddy currents, electromagnetic induction, energy
conversion, equivalent circuits, induction heating.

I. INTRODUCTION
NDUCTION heating is the use of the principle of electromagnetic induction for the conversion of electrical energy
into thermal energy to achieve various heating applications.
This method of heating metals is preferred in comparison with
other methods for many reasons such as its shorter time spent
to heat the charge, no combustion products, accurate temperature control, possibility to give uneven taper heating. The basic
induction heating system (IHS) to be analyzed consists of a
cylindrical charge surrounded by an exciting coil; therefore, the
system can be considered as a multilayer cylindrical system.
Different numerical methods have been developed in 2-D
and 3-D for the analysis of IHS. Among these methods, the
finite element method (FEM) and the boundary element method
(BEM) are the most popular [1]–[3]. A hybrid method based on
the coupling of FEM and BEM has been found advantageous
for unbounded field problems [4]–[6]. Ismail and Marzouk [7]
used the iterative hybrid FEM–BEM for the analysis of IHS
with nonlinear charge.
The aim of this paper is to show how the analytical solution
to the field problem may be extended to yield an equivalent
circuit representation for the IHS. An attempt is made to show
the unification of field and circuit theory.
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Fig. 1.

Cross section through cylindrical multilayer IHS.

It is usually straightforward to relate field quantities in the
system to voltages and currents in the equivalent circuits. The
approach in this paper is presented along a simple and feasible
multiregion model.
A region is defined as an area in the system in which the material is uniform in nature, having boundaries of simple cylindrical
shape.
The equivalent circuits developed here have the form of cascaded transmission lines; therefore, it is possible to consider any
number of regions without recourse to lengthy analysis.
The accuracy of the method is verified with measurements
of practical IHS together with comparisons to numerical and
analytical methods.
II. MATHEMATICAL MODEL
A general multiregion problem is analyzed. Fig. 1 shows a
cross section of an IHS comprising N infinitely long concentric
cylinders with a radially infinitesimally thin and axially infinite current sheet excitation at radius rg . It is further assumed
that displacement currents and the magnetic saturation are
negligible.
The important field quantities are those acting at the region
boundaries. For the models considered here, there are at most
three field quantities that are relevant. These are the electric field
strength E, which is directed circumferentially along the interface, the magnetic field strength H, which is directed axially
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along the interface, and the third one at both ends of the pole
pitch, if existing, is the flux density B normal to the interface.
The analysis of the aforementioned Azimuthal, axial, and radial
electromagnetic field components are performed to obtain the
field quantities at the proper interfaces between the regions. If
these quantities are known, the equivalent circuit is then derived
as well as the power flow through the interfaces and the driving electromagnetic force (in the case of traveling wave IHS
[TWIHS] with three-phase excitation).
The intermediate stage between the field solution and the final
equivalent circuit is represented in a transmission line form [8].
It was well known that the E and H values on either side of
a region could be linked by a transfer matrix [9]–[11]. Hence,
every bounded region in the model shown in Fig. 1 could be
represented by a corresponding transfer matrix equation.
In the following sections, the theoretical analysis for threephase and single-phase excitations are derived.
III. THEORETICAL ANALYSIS FOR THE THREE-PHASE MODEL
It is assumed that the winding produces a perfect sinusoidal
traveling wave. The line current density may be represented as
Jθ = Re [J  exp {j(ωt − kz)}]

(1)

where J  , ω, and k are the amplitude of line current density,
angular frequency, and wavelength factor, respectively, where
the latter is related to the pole pitch τ by
k = π/τ.

(2)

and
Hz ,n = Hz ,n − J  (in ampere per meter),

n=g

(6)

where Hz ,n is the axial magnetic field strength in close inner
proximity to the boundary and Hz ,n is the axial magnetic field
strength in close outer proximity to the boundary.
Given the current sheet excitation at radius rg , the overall
structure divides into an outer part, which is modeled according
to




Eθ ,g
Eθ ,n −1
= [Tn −1 ] · [Tn −2 ] . . . [Tg +1 ] ·
(7)
Hz ,n −1
Hz ,g − J 
and an inner part, which supports the following relation:




Eθ ,1
Eθ ,g
= [Tg ] · [Tg −1 ] . . . [T2 ] ·
.
Hz ,g
Hz ,1

(8)

Enough information is now available to find all field components; hence, the equivalent circuit model can be set up using
the surface impedances of the regions under consideration.
B. Surface Impedance Calculations
Looking outward from the current sheet, the surface
impedance at a boundary of radius rn is defined as
Zn +1 =

Eθ ,n
Hz ,n

(9)

and the surface impedance looking inward is defined as
Zn = −

A. Field Theory Solution

Eθ ,n
.
Hz ,n

(10)

The field produced will link all cylindrical regions from 1 to
N . Maxwell’s equations are solved accordingly [11] to yield
(for regions 1 < n < N )




Eθ ,n −1
Eθ ,n
= [Tn ] ·
(3)
Hz ,n
Hz ,n −1

Using the method obtained in [11] with the values of Eθ ,N −1 ,
Hz ,N −1 , Eθ ,1 , Hz ,1 , and an , bn , cn , and dn as derived in the
previous section, then

where Eθ ,n and Hz ,n are the field components at the outer
boundary of region n and Eθ ,n −1 and Hz ,n −1 are the equivalent
values at the inner boundary of the same region and [Tn ] is the
associated transfer matrix [9], [12], which is given by


an bn
[Tn ] =
.
(4)
cn dn

where Zin is the input surface impedance at the current sheet,
and Zg +1 and Zg are the surface impedances looking outward
and inward at the current sheet. Substituting for Zg and Zg +1
using (10) and (9), respectively, and rearranging the terms yields

Expressions for an , bn , cn , and dn are provided in the
Appendix. Hence, given the values of Eθ and Hz at the inner boundary of a region, the values of Eθ and Hz at the outer
boundary are immediately obtainable from this simple transfer
matrix relation. At the boundaries, where no excitation current
sheet exists, Eθ and Hz are continuous; thus, for example, if
two regions are considered with no current sheet at the common
boundary, knowing Eθ and Hz at the inner boundary of the first
region, Eθ and Hz at the outer boundary of the second region
can be calculated by successive use of the underlying two transfer matrices. Considering the excitation current sheet to be at
radius rg , then

Substituting now (6) into (12) provides the following simple
relation:
Eθ ,g
Zin = −  .
(13)
J
From this, the input surface impedance at the current sheet
can be determined. All the field components can be found by a
straightforward use of this and (7), (8), and (10).
Having found Eθ and Hz at all boundaries, it is then a simple
matter to calculate the power entering a region through the
concept of Poynting vector. The time-average power Pin passing
through a surface is usually given as

Hz ,n = Hz ,n (in ampere per meter),

n = g

(5)

Zin =

Zin = −

Pin =

Zg · Zg +1
Zg + Zg +1

Eθ ,g
.
Hz ,g − Hz ,g

1
Re{Ē × H̄ ∗ } (in watt per meter square).
2

(11)

(12)

(14)
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Fig. 3.

Basic equivalent circuit for a three-region IHS.

Fig. 4.

Equivalent circuit for a hollow charge IHS.

Basic T-circuit for region n.

Using (10) and (13), it can be shown that the total power per
axial unit length is


2πrg
(in watt per meter).
(15)
Pw = 0.5 |Eθ ,g |2 Re
Zin
It is, therefore, a simple matter to calculate the driving electromagnetic force per axial unit length, e.g., for stirring and heal
melting purposes
Pw
(in newton per meter)
(16)
Fz =
2τ f
where f is the operating frequency.
As the transfer matrix formalism is strictly rooted in the analytical field solutions, the presented formalism might be regarded as sufficient in itself. However, from the technical viewpoint, it is hardly possible to draw a clear picture that refers to
any of the intended functionalities. Engineers, for most of the
part, prefer to think in terms of an equivalent circuit model rather
than to refer to full-wave time-varying field analysis. In addition, the impact of altering design parameters is easier to grasp
than in the framework of an applied electromagnetics analysis.
For this reason, an equivalent circuit model has been developed
in the following section.
C. The Micro-T Terminal Equivalent Circuit
The underlying transmission-line form of (5)–(7) suggests
that, by analogy, some form of equivalent circuit is possible
[10], [13]. No loss of generality occurs, if only one region is
considered. The electric and magnetic field quantities are linked
as shown in (3). In order to represent the relationship between
En , Hn and En −1 , Hn −1 by a corresponding T-circuit, a change
of variable is required. Without such a transformation, it does
not appear to be possible to represent a region with such a simple
three-element circuit. A practical variable transformation refers
to the variable E, which is changed to rE [14].
A T-circuit can now be used to link the variables rE and H on
either side of a region as shown in Fig. 2.
In effect, the current Hn in a T-circuit is driven by a voltage
rn En . For the general region n, the impedances are given by
the following relations:
rn −1
(17)
ZB ,n = −
cn
ZA ,n = ZB ,n [dn − 1]


rn
ZC ,n = ZB ,n an
−1 .
rn −1

On joining the T-circuits in cascade, the full basic equivalent
circuit for, e.g., a three-region IHS is obtained as shown in Fig. 3,
representing an IHS with a solid charge, where by using (9) and
(10), the following expressions are obtained [13], [14]:
r1 E1
H1

(20)

r2 E2
.
H2

(21)

Z1 = −
Z3 =

Thus, an equivalent circuit has been derived by a rearrangement of the field solution, where the voltages and currents are
directly related to the field quantities. Furthermore, the normal
flux density at any interface can be obtained in the form
Br,n =

Eθ ,n
.
2τ f

(22)

It is worth noting that for a hollow charge IHS, the number
of regions is increased by 1, where region 1 now represents the
air core of the charge as shown in Fig. 4.
It is convenient to think in terms of phase voltages and currents. The input quantities to the basic equivalent circuit are the
current J  and the voltage 2πrg Eg . The relation between J  and
the rms. phase current I can be written as
√
6 2Neﬀ I
J =
(in ampere per meter)
τp


(23)

(18)

where p is the number of poles and Neﬀ stands for the effective
number of series turns per phase, hence,

(19)

I = (Ifac )J  .

(24)
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The phase voltage is linked to 2πrg Eg by
√
V = 2 2πNeﬀ rg Eg

(25)

therefore,
V = Vfac rg Eg .

(26)

Let us now consider the effect of multiplying the quantities
rn En and Hn terms in the basic equivalent circuit by the factors
Vfac and Ifac , respectively, then the impedances in the basic
circuit have to be multiplied by an impedance factor given by
Zfac =

Vfac
24(Neﬀ )2
=
Ifac
τp

Fig. 5.

T-circuit for a nonconducting region (shunt impedance infinite).

Fig. 6.

Basic Equivalent circuit for a solid charge single-phase IHS.

Fig. 7.

Basic Equivalent circuit for a hollow charge single-phase IHS.

(27)

and the terminal impedance of the IHS is given by
Zt = Zfac rg Zin (in ohm).

(28)

This relation results in a completely new equivalent circuit in
which the input quantities are the rms voltage and rms current,
using (25) and (24). Thus, the various voltages and currents
at the input to each T-circuit are now related directly to the
field quantities at the corresponding interfaces of IHS and this
terminal equivalent circuit has all the advantages of the basic
circuit, but, in addition, the impedances are real impedances.
IV. THEORETICAL ANALYSIS FOR THE SINGLE-PHASE MODEL
A. Field Theory Solution
The analysis of a single-phase model is much simpler than the
evaluation of the three-phase model because only regions inside
the current sheet need to be considered, namely, the regions
g + 1 to N do not affect the field distribution [15] in any way.
The excitation is provided by a single continuous coil carrying
alternating current. The line current density takes the form
Jθ = Re{J  exp(jωt)}.

(29)

In this case, k = 0, all field relations hold. The input surface
impedance at the current sheet becomes
Zin = Zg

(30)

where Zg is obtained by applying (10)
If region n has an infinite resistivity, then the expressions for
an , bn , cn , and dn are modified and given in Appendix.
B. The Micro-T Terminal Equivalent Circuit
For a single-phase IHS with a solid charge comprising three
regions, region 1 being the charge, the T-circuit for the second region (which is air) is reduced to single-series impedance
due to infinite penetration depth [14], as shown in Fig. 5. This
impedance is determined in the following:
ZAC,2 = −b2 r2 .

(31)

For region 1, which represents the solid charge, only a single
impedance termination is necessary. This is linked to the surface
impedance Z1 of region 1 by the expression [11]
Z1 = r1 Z1 = r1

jωμ1 I1 (α1 r1 )
α1 I0 (α1 r1 )

(32)

where μ1 and σ1 are the permeability and conductivity of region
1. I1 and I0 are the modified Bessel’s functions of the first kind
and of order 1 and 0, respectively. The attenuation constant α1
is defined by
α1 = (jωα1 μ1 )1/2 .

(33)

Hence, the basic equivalent circuit for the three-region problem can be set up as shown in Fig. 6.
For a hollow charge IHS, there are four regions, three of
which are inside the current sheet. The various impedances of
the T-circuit for a conducting region are given by (17)–(19). The
corresponding equivalent circuit is shown in Fig. 7.
If there are N turns per axial unit length, then the voltage per
axial unit length applied to the solenoid is given by
√
V = 2N πrg Eg .
(34)
Similarly, J  and I are linked by the relationship
√
J  = 2N I (in ampere per meter)

(35)

and the terminal impedance per axial unit length of the solenoid
amounts to
V
Zt =
= 2πN 2 rg Zin
(36)
I
where Z in is the input impedance defined in (30). This quantity multiplied by the impedance factor yields the solenoid
impedance per unit length as given in (36).
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TABLE I
DESIGN PARAMETERS OF THE PRACTICAL IHS (BASED ON [16, Ex. 9])

Now, if all impedances in the basic equivalent circuit are multiplied by the impedance factor, the terminal equivalent circuit
is obtained. The input impedance to this second form of circuit
is then the impedance per unit length of the solenoid’s axial
extension. The voltages and currents appearing in the circuit
can then be used in (34) and (35) in order to obtain the field
quantities E and H at any desired region boundary.
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TABLE II
COMPUTED PARAMETERS OF THE PRACTICAL SINGLE-PHASE IHS

TABLE III
COMPUTED PARAMETERS OF THE PRACTICAL THREE-PHASE IHS

V. NUMERICAL RESULTS
The equivalent circuit method that has been described in the
earlier sections is validated along three examples. The first example consists of a practical single-phase IHS with nonlinear
charge, which has been considered earlier by Stansel [16]. The
importance of this example is that measurements are available
in addition to calculations. The second example encompasses a
numerical solution based on the finite difference method [17] for
an IHS with both single-phase and three-phase excitations. The
third example employs an analytical method for an IHS with a
hollow charge [18]. For comparison reasons, FEM computation
is adopted in our analysis, which is widely used as a numerical
technique for this kind of applications.
In our implementation, the field domain is divided into a
number of regions, each being defined by its coordinates, permeability, and conductivity. Each region is discretized using
first-order triangular elements [19]. The induced power in the
charge is obtained through the solution of governing differential
equation for each nodal magnetic vector potential. Three values
of power are computed: the power integrated over the coil, the
air gap power, and the power integrated over the charge.
The solution is assumed to be convergent when these three
values do not differ by more than 1%, which is then termed as
the power mismatch or power imbalance.
A. Practical IHS
This problem has been considered by Stansel [16], where
measurements of electrical parameters are given. The design
parameters of the analyzed IHS are provided in Table I. A nonlinear charge with ferromagnetic properties is considered using
the analysis procedure proposed in [7] along with a hybrid FEM
simulation. Numerical results are obtained for the following two
cases.
1) Assuming linear charge having constant relative permeability corresponding to the rms value of the field intensity
at the charge surface.

Fig. 8. Variation of axial flux density component with radius for single-phase
excitation.

2) Using the actual magnetic properties of the charge such as
that given in [7].
The results are compared to the data obtained by the proposed
micro-T circuit method as well as to our FEM analysis, showing
a good agreement even with the measured data from [16] (see
Table II).
Table III shows the numerical results obtained for the same
amplitude of line current density using three-phase excitation.
Again the two methods correlate well.
Fig. 8 shows the variation of the axial magnetic flux density
component with radius at the middle of coil axial length for
single-phase excitation using FEM and micro-T circuit method.
The agreement between the results of both methods may be
considered good with a maximum relative deviation of 5%.
Obviously, there is no radial component for single-phase IHS
and this can be derived directly from Maxwell’s equations.
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TABLE IV
DESIGN PARAMETERS FOR NUMERICAL MODEL OF IHS (BASED ON [17])

TABLE V
COMPUTED CHARGE POWER OF NUMERICAL INDUCTION HEATING
MODEL [17], VALUES IN KW]

Fig. 9. Variation of axial flux density component with radius for three-phase
excitation (two-pole connection).

TABLE VI
DESIGN PARAMETERS FOR A HOLLOW CHARGE MODEL
(BASED ON [18, Ex. 12.9])

TABLE VII
COMPUTED INDUCED POWER IN THE HOLLOW CHARGE MODEL
(BASED ON [18, VALUES IN W])
Fig. 10. Variation of radial flux density component with radius for three-phase
excitation (two-pole connection).

Figs. 9 and 10 show, respectively, the radial profile of the
axial and radial components of the magnetic flux density for the
three-phase model with a two-pole connection. It is apparent
that the axial component is larger than the radial one, since it
is actually an axial flux machine, i.e., the pole pitch is larger
than the diameter of the coil. The maximal relative deviation
between the results of both methods amounts to only 3.5%.

the results that the proposed micro-T circuit method agrees well
with the finite element analysis.

B. Theoretical Polyphase Model

C. IHS With Hollow Charge

Reference [17] is adopted, since it deals with the numerical
analysis of three-phase cylindrical IHS in addition to singlephase one among many configurations. The design parameters
are given in Table IV. Two configurations are considered in
the present study: the single-phase configuration and the threephase configuration with two-pole connection. As in the preceding example, the same value of line current density amplitude
is applied for both the cases.
Table V shows the numerical results obtained for this IHS
model using two different configurations. It is apparent from

This problem has been considered by Davies and Simpson
[18], where an analytical method was used to compute the induced power within a hollow conducting cylinder excited by a
single-phase supply. The corresponding design parameters of
the analyzed system are given in Table VI.
As in the earlier section, the micro-T circuit method and FEM
are compared with the analytical method in [18], using both
single-phase and three-phase excitations with the same amplitude of line current density. Table VII displays the numerical
results for this model. Again, the three models agree well.
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VI. CONCLUSION
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APPENDIX
1) Transfer matrix elements for three-phase excitation
an = αn rn −1 [I1 (αn rn )k0 (αn rn −1 )
+ I0 (αn rn −1 )k1 (αn rn )]

(37)

bn = jωμn rn −1 [I1 (αn rn −1 ) k1 (αn rn )
−I1 (αn rn ) k1 (αn rn −1 )]
cn = j

αn2 rn −1
ωμn

(38)

[I0 (αn rn )k0 (αn rn −1 )
− k0 (αn rn )I0 (αn rn −1 )]

(39)

dn = αn rn −1 [I0 (αn rn )k1 (αn rn −1 )
+ k0 (αn rn )I1 (αn rn −1 )].

(40)

where k1 and k0 are the modified Bessel’s functions of the
second kind and of order 1 and 0, respectively, and α is
defined by the relation
α2 = k 2 + jωμσ.
Equations (37)–(40) also apply for single-phase excitation
with σn = 0, where σn is the conductivity of region n.
2) Transfer matrix elements for single-phase excitation with
σn = 0
rn −1
an =
(41)
rn

jωμn  2
bn = −
rn − rn2 −1
(42)
2rn
cn = 0

(43)

dn = 1.

(44)
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